Introduction
The classical local invariants of a submanifold in a space form are the first fundamental form, the shape operators and the induced normal connection, and they determine the submanifold up to ambient isometry. One of the main topics in differential geometry is to study the relation between the local invariants and the global geometry and topology of submanifolds. Many remarkable results have been developed for submanifolds in space forms whose local invariants satisfy certain natural conditions. The study of focal points of a submanifold in an arbitrary Riemannian manifold arises from the Morse theory of the energy functional on the space of paths in the Riemannian manifold joining a fixed point to the submanifold. The Morse index theorem relates the geometry of a submanifold to the topology of this path space. The focal structure is intimately related to the local invariants of the submanifold. In the case of space forms one can go backwards and reconstruct the local invariants from the focal structure, so it is not too surprising that most of the structure theory of submanifolds can be reformulated in terms of their focal structure. What is perhaps surprising is a fact that became increasingly evident to the authors from their individual and joint research over the past decade: while extending the theory of submanifolds to ambient spaces more general than space-forms proves quite difficult if one tries to use the same approach as for the space forms, at least for symmetric spaces it has proved possible to develop an elegant theory based on focal structure that reduces to the classical theory in the case of space forms. This paper is an extended report on this theory, and the authors believe that the methods developed herein provide important tools for a continuing study of the submanifold geometry in symmetric spaces.
First we set up some notations. Let (N, g) be a Riemannian manifold, M an immersed submanifold of N , and ν(M ) the normal bundle of M . The end point map η : ν(M ) → N of M is the restriction of the exponential map exp to ν(M ). If v ∈ ν(M ) x is a singular point of η and the dimension of the kernel of dη v is m, then v is called a multiplicity m focal normal and exp(v) is called a multiplicity m focal point of M with respect to M in N . The focal data, Γ(M ), is defined to be the set of all pairs (v, m) such that v is a multiplicity m focal normal of M . The focal variety V(M ) is the set of all pairs (η(v) , m) with (v, m) ∈ Γ(M ). The main purpose of our paper is to study the global geometry and topology 1 Research supported in part by NSF Grant DMS 9304285 2 Research supported in part by NSF Grant DMS 9100179 of submanifolds in symmetric spaces whose focal data satisfy certain natural conditions.
In order to explain our results, we review some of the basic relations between focal points, Jacobi fields and Morse theory. For a fixed p ∈ N , let P (N, M × p) denote E is a non-degenerate Morse function, and that the index of E at a critical point γ is the sum of the integers m such that γ(t) is a multiplicity m focal point of M with respect to γ(0) with 0 < t < 1. The basic local invariants of a submanifold are closely related to the structure of its focal variety. For given v ∈ ν(M ) x , the tangent space T (ν(M )) v can be naturally identified with ν(M ) x ⊕ T M x . It is known that if u ∈ T M x then dη v (u) = J(1), where J is the Jacobi field on γ(t) = exp(tv) with the initial conditions J(0) = u and J (0) = −A v (u). Since the initial conditions of an ordinary differential equation determine the solution at time 1, the shape operators of M and the curvature tensor of N determine the focal structure of M , and one expects a close relation between the focal data, the local and global geometry, and the topology of the submanifold. For a general Riemannian manifold N , it is difficult to make this relation precise. But if N is a symmetric space, then the curvature tensor of N is a covariant constant. Hence in the coordinates obtained from a parallel normal frame along γ, the Jacobi equation becomes 1.1 Definition. Let 
Definition.
A connected, compact, immersed submanifold M with a "refGb globally flat and abelian normal bundle in a symmetric space N is called weakly equifocal if given a parallel normal field v on M (1) the multiplicities of focal radii along v are constant, i.e., the focal radius functions t j are smooth functions on M and are ordered as follows:
· · · < t −2 (x) < t −1 (x) < 0 < t 1 (x) < t 2 (x) < · · · and the multiplicities m j of the focal radii t j (x) are constant on M , (2) the focal radius t j is constant on each focal leaf defined by the focal normal field t j v for all j, i.e., t j is the pullback of a smooth function defined on the focal submanifold M t j v via η t j v .
1.5 Remark. We will prove in section 5 that condition (2) on the focal radii in "refGba the definition of weakly equifocal submanifolds is always satisfied if the dimension of the focal distribution is at least two.
It follows from the definitions that a (weakly) equifocal submanifold in a rank k symmetric space has codimension less than or equal to k, and that equifocal implies weakly equifocal.
When the ambient space N is the space form S n , R n or H n , equifocal and weakly equifocal hypersurfaces have been extensively studied. Note that in this case, the operator S in the Jacobi equation ( ) if c = 0, 1 or −1 respectively. So condition (2) for equifocal submanifolds and condition (1) for weakly equifocal submanifolds are equivalent to the conditions that the principal curvatures along any parallel normal field are constant and have constant multiplicities respectively. In these space forms they are referred to as isoparametric and proper Dupin hypersurfaces respectively. The study of isoparametric hypersurfaces in S n has a long history, and these hypersurfaces have many remarkable properties (cf. [Ca] , [Mü] Recall that a hypersurface M of S n is called proper Dupin if the principal curvatures have constant multiplicities and dλ(X) = 0 for X in the eigenspace E λ corresponding to the principal curvature λ (cf. [Pi] (v) corresponding to the principal curvature λ. It is proved in the papers quoted above that these submanifolds have many properties in common with isoparametric and proper Dupin hypersurfaces in spheres. One of the main goals of our paper is to generalize many of these results to equifocal and weakly equifocal submanifolds in compact symmetric spaces.
Henceforth, we will assume that N = G/K is a compact, rank k symmetric space of semi-simple type, G = K+P a Cartan decomposition, and N is equipped with the G-invariant metric given by the restriction of the negative of the Killing form of G to P.
We first state a theorem that generalizes results on isoparametric hypersurfaces in spheres to equifocal hypersurfaces in compact symmetric spaces:
1.6 Theorem. Let M be an immersed, compact, equifocal Equifocal submanifolds, hyperpolar actions and infinite dimensional isoparametric submanifolds in Hilbert spaces are closely related as we will now explain. Recall that an isometric H-action on N is called hyperpolar if there exists a compact flat T in N that meets every H-orbit and meets orthogonally in every point of intersection with an H-orbit (see [Co] , [PT1] and [HPTT2] ). Such a T is called a flat section of the action. A typical example is the action of K on the compact rank k symmetric space N = G/K with k-flats in N as flat sections. It is proved by Bott and Samelson in [BS] that this action is variationally complete, and that if M is an orbit in N , then E : P (N, p × M ) → R is a perfect Morse function and the Z 2 -homology of P (N, p × M ) can be computed explicitly in terms of the marked affine Dynkin diagram associated to the symmetric space N . It is proved in section 2 that principal orbits of a hyperpolar action are equifocal. Another main goals of our paper is to show that, although equifocal submanifolds in N need not be homogeneous, they share the same geometric and topological properties as principal orbits of hyperpolar actions. In particular, we will show that the Z 2 -homology of P (N, p × M ) can be similarly calculated if M is equifocal or more generally weakly equifocal. Bott and perfect, (i) 
Note that Theorem 1.8 (i) implies that we can associate to each equifocal submanifold of a simply connected, compact symmetric space N a "toric building structure on N ". This is analogous to a spherical building except that the corresponding "apartments" cover tori instead of spheres. [Wa] ). We would like to make some comments on the methods we use to prove many of our geometric results on equifocal submanifolds. Since a symmetric space that is not a real space form has more than one root space, the operator S in the Jacobi equation (*) has more than one eigenvalue and the shape operators and S need not commute in general. Thus there is no simple formula relating the focal points to the principal curvatures. This makes manipulation of the structure equations (the main technique in studying the geometry of submanifolds in space forms) much more complicated. So in this paper, we abandon many of the standard tools used in the study of submanifold geometry in space forms, and instead we study directly the relation between focal points of a submanifold and lifts of the submanifold under certain Riemannian submersions. In fact, the following two theorems are key steps in proving the results stated above: 
So Theorems 1.9 and 1.10 allow us to study the geometry of an equifocal submanifold M in G/K by studying the geometry of the isoparametric subman-
. AlthoughM is infinite dimensional, the ambient space is a flat space form and most of the techniques and results in finite dimensional space forms are still valid (cf. [Te3] , [PT2] ). This paper is organized as follows: we give examples of equifocal submanifolds in symmetric spaces in section 2, derive an explicit relation between focal points and shape operators of submanifolds in compact Lie groups in section 3, prove that the parallel transport map φ is a Riemannian submersion and study the geometry of φ in section 4, prove Theorem 1.10 in section 5, prove Theorem 1.6, 1.7 and 1.8 and 1.9 in section 6, prove the existence of inhomogeneous equifocal hypersurfaces in compact Lie groups and inhomogeneous isoparametric hypersurfaces in Hilbert spaces in section 7, and state some open problems in section 8.
The authors would like to thank the Max Planck Institute in Bonn. This research started during the authors' visit there in the fall of 1991 in an effort to find inhomogeneous isoparametric hypersurfaces in Hilbert spaces. It took us awhile to see how this simple problem actually ties together many interesting subjects in submanifold geometry.
Examples of equifocal submanifolds
The main result of this section is the following theorem: 
We will prove in section 6, that a submanifold of G/K is equifocal if and only if its lift to G is equifocal. It is therefore enough to prove the theorem for hyperpolar actions on a Lie group G.
Let M be a principal orbit in G. Then the induced action on the normal bundle of M is trivial and every normal vector extends to an equivariant normal vector field. It is clear from the definition of hyperpolar actions that the normal bundle of M is abelian. It is proved in [PT1] that every equivariant normal field of M is parallel. Hence the normal bundle of M is globally flat.
It is therefore left to prove that if v is an equivariant normal field of M such that η v (x 0 ) is a multiplicity k focal point of M with respect to x 0 , then η v (x) is a multiplicity k focal point of M with respect to x for all x ∈ M . This follows immediately from the following observations. First note that hyperpolar actions are variationally complete; see [Co] . It is proved in [BS] , see also Proposition 2.7 in [Te4] , that variational completeness implies that (i) the set of focal points of M in G is exactly the set of singular points with respect to the H-action, (ii) if y is a multiplicity k focal point of M with respect to x then k is equal to the difference of the dimensions of the isotropy subgroups, i.e., k = dim( 
the isotropy representation of a rank two symmetric space, (d) any cohomogeneity one action on G/K.
Remark.
It is true in real space forms that a hypersurface is equifocal if "refExx and only if it has constant principal curvatures. This is not true in more general ambient spaces as an example of Wang [Wa] shows. In his example Wang starts with an inhomogeneous isoparametric hypersurface in an odd dimensional sphere which he shows to be the lift under the Hopf map of a hypersurface M in a complex projective space. This hypersurface M is equifocal in our terminology. He then shows that the principal curvatures of M cannot be constant. Since a curvature adapted, equifocal hypersurface must have constant principal curvatures, these hypersurfaces are not curvature adapted. They are not homogeneous either because their lifts are not homogeneous. We will discuss related examples of inhomogeneous equifocal hypersurfaces in the last section of this paper.
Relation between focal points and shape operators
Let G be a compact, semi-simple Lie group, G its Lie algebra, , an Adinvariant inner product on G, and ds 2 the bi-invariant metric on G defined by , . The main result of this section is to give a necessary and sufficient condition for a point in G to be a focal point of a submanifold with abelian and globally flat normal bundle in G.
It is known that the Levi-Civita connection for ds 2 is given by
if X, Y are left invariant vector fields, and
where X, Y , and Z are left invariant vector fields.
To simplify the notation, we will use the convention that for g ∈ G and y ∈ G, gy = (L g ) * (y) and yg = (R g ) * (y), where L g and R g are left and right translations by g respectively.
Proposition
Since the inner product on G is Ad-invariant and A is abelian, we have
The second part of the proposition follows since
The following is an elementary fact concerning focal points and Jacobi fields.
Proposition.
where J is the Jacobi field along x(t) satisfying the initial condition
Let a ∈ G, γ(t) = xe at a geodesic in G, and J(t) a Jacobi field along γ. 
, is a nonnegative symmetric operator, and Part (1) of this theorem is obvious, but to prove part (2) we need the following Lemma.
Lemma. Let x(t) be a curve in M , and v(t) = x(t)a(t) a parallel normal
where 0 as an index refers to t = 0 and P γ 0 (1, 0) denotes the parallel transport map along the geodesic γ 0 (s) = x 0 e sa 0 from γ 0 (1) to γ 0 (0). 
Since the operator ad(a) 2 is in diagonal form with respect to the root space decompositon, this differential equation can be solved explicitly. In fact, the solution for the initial value problem
where 0 as an index on x, x v, and v refers to t = 0.
Proof of Theorem 3.3.
"refPf
It is obvious that we can choose a basis for T (ν(M )) (x,xa) , which consists of vectors of the form v (0) as in Lemma 3.4 and σ (0) with σ(t) = x(a + tb),
where v b is defined by v b (s) = a + sb and v u (s) is the parallel normal field along the geodesic γ(s) = exp M (su) with v u (0) = a (here exp M denotes the exponential map of M ). It follows from the proof of Theorem 3.3 that the differential dη :
where in the second line (b, u) ∈ ν(M ) x ⊕ T M x is identified with P γ 0 (0, 1)(b + u) and γ 0 is defined by γ 0 (s) = exp(sa). In particular, this implies that the kernel of dη a is a subset of T M x under the the above identifications (notice that we have very strongly used that the normal bundle ν(M ) is abelian). So we have:
3.6 Proposition. Let 
Theorem 3.3 is valid for any symmetric space. In fact, let N be a symmetric space, G = Iso(N ), and M a submanifold of N with abelian normal bundle. Let x 0 ∈ M , K = G x 0 , G = K + P the Cartan decomposition, and a ∈ P normal to M at x 0 . Let A be a maximal abelian subalgebra in P containing a, and 
The following Proposition will be useful later.
Proposition. Let M be a submanifold in G with globally flat and abelian "refFc normal bundle, x(t) ∈ M , and a(t) ∈ G such that v(t) = x(t)a(t) is a normal vector field of M along the curve x(t).
PROOF. Let y 1 , . . . , y n be a basis for G, and Y i (g) = gy i the left invariant vector field defined by y i . Write a(t)
Since the metric on G is bi-invariant, we have
This proves (1), and (2) follows easily from (1).
The geometry of the parallel transport map
is a Hilbert manifold, and
Let P (G, e × G) be equipped with the right-invariant metric defined by φ(u) . So by Theorem 4.1, there exists g ∈ P (G, e × G) with g(0) = e and g(1) = e −y such that u = g * 0. To prove the action is free, let g ∈ P (G, e × G) be such that g * 0 =0. Then g −1 g = 0. So g is constant. Since g(0) = e, g(t) = e for all t.
Corollary. The parallel translation
PROOF. Since the inverse of E is the map F : 
⊥ and x ∈ M . In the following we will give an infinite dimensional analogue of this fact for the free isometric action of Ω e (G) = P (G, e × e) on 
So (1) So dφ u (gŷg −1 ) = yφ(u), which proves (3). Then (4) and (5) follows. 
Corollary.
The proof of the following facts is the same as for φ 1 0 = φ. 4.7 Theorem. Let ds 2 be a fixed bi-invariant metric on G, and G [a,b] denote the "refCc Lie group G with the bi-invariant metric
a is a Riemannian submersion, and it is the natural Riemannian submersion associated to the free, isometric action of
Let s : 0 = s 0 < s 1 · · · < s n = 1 be a partition of [0, 1] , and 
Then
(1) Φ s is the natural Riemannian submersion associated to the free product action of 
. So the Corollary follows.
The geometry of lifts of submanifolds of
Let M be a submanifold of a Hilbert space V , and η : By Theorem 2.1, a principal orbit of a hyperpolar action is equifocal. So Theorem 1.10 (3) in the introduction generalizes Theorem 5.1 to equifocal submanifolds M in Lie groups which are not necessarily homogeneous.
Before starting with the proof of Theorem 1.10 we give a few simple applications. Recall that a proper Fredholm submanifold M of a Hilbert space V is taut (cf. [Te3] ) if for every non-focal point a ∈ V the distance squared function f a : M → R defined by f a (x) = x − a 2 is a perfect Morse function.
Proposition. Let M be a weakly equifocal immersion of a compact man-"refFhi ifold into a compact Lie group G. Then the liftM of M to V is taut.
PROOF. By Theorem 1.10,M is weakly isoparametric. One can prove exacly as in the finite dimensional case, see [Te2] , [Te3] and [Th1] , that an infinite dimensional weakly isoparametric submanifold is taut.
Proposition. A weakly equifocal immersion of a compact manifold M into "refFhii a Lie group G is an embedding.
PROOF. We know from Proposition 5.2 thatM is taut. It is standard that taut submanifolds are embedded (cf. [Te 3]). HenceM is embedded and then it is clear that M is embedded as well.
Proposition. Let M be a weakly equifocal compact submanifold in G. If "refBc p ∈ G is not a focal point of M , then the energy functional E : P (G, p×M ) → R is a perfect Morse function.
PROOF. Set p = e a for a ∈ G. Consider the diffeomorphism ρ :
−1 g as in the proof of Corollary 4.3. Using this embedding, the functional E on P (G, p × M ) corresponds to the restriction of the Hilbert distance squared function f a (u) = u − a 2 0 toM . SinceM is taut (Proposition 5.2), f a is a perfect Morse function.
We will now prove several lemmas needed for the proof of Theorem 1.10. The notation will be the same as in Theorem 1.10 except that we do not assume that M has a globally flat normal bundle when not explicitly stated. First as a consequence of Corollary 4.6, we have 5.5 Lemma. Suppose 
be such that u = h * 0, and g s a smooth curve in P (G, e × G) such that g 0 (t) = e for all t and g s * u ∈M . Then As a consequence of Proposition 3.8 and the proof of Lemma 5.6 we have:
hx(s)a(x(s))x(s)
5.7 Lemma. The shape operators A v andÃṽ are related as follows: 
Compactness of M implies that there exist a subsequence of x k (still denoted by x k ) and x 0 ∈ M such that x k → x 0 . Since the disk of radius r in G is compact, by passing to a subsequence we may assume that x k a k x
To proveM is Fredholm, we will show that its shape operators are compact. Using right translation if necessary, we may assume that e ∈ M . Let a ∈ ν(M ) e be a non-zero normal vector. It suffices to prove that the shape operatorÃâ at 0 ∈M is a compact operator. Since ξ(0) = −ξ , using lemma 5.7 we get
We can thus writeÃâ
It is clear that B is of finite rank. So it suffices to prove that D is compact. To see this, we let T be a maximal abelian subalgebra of G containing ν(M ) e , G = T + α∈ + G α the corresponding root space decomposition, and {t 1 , . . . ,
Let z α = x α + iy α . Then e α,n = Re(z α e 2πint ), f α,n = Im(z α e 2πnt ), α ∈ + , n ≥ 1, s j,n = t j cos 2πnt, t j,n = t j sin 2πnt, n ≥ 1, 
It is now clear that D is a compact operator. .
The following lemma is well-known: 
Lemma ([Te3]). LetM be a proper Fredholm submanifold in the Hilbert
PROOF. The lemma follows from the fact that for the Riemannian submersion π, the horizontal liftγ(t) of a geodesic γ(t) in B is a geodesic in E.
We will use the end point maps of parallel normal vector fields v of M andṽ ofM in the next lemmas. Recall that these are defined to be η v : M → G, p → exp(v(p)), and ηṽ :M → V, u → u +ṽ(u), respectively.
Corollary. Let M be a weakly equifocal submanifold of G, v a normal
PROOF. By Theorem 4.5 (4), φ is a Riemannian submersion, (1) follows from Lemma 5.10. (2) is a consequence of (1). Let φ(x) = x,x +ṽ(x) =ỹ. Then Notice that in general the eigenspace E λ (u,ṽ) = ker dηṽ is not horizontal although dφ is injective on it; see section 7 for examples.
PROOF. We know from Proposition 3.6 that q 0 = exp(v(p 0 )) is a focal point of M with respect to p 0 if the differential of η v : M → G is not injective. The multiplicity of the focal point is equal to the dimension of ker dη v at p 0 . By Lemma 5.9, u 0 +ṽ(u 0 ) is a focal point ofM with respect to u 0 if and only if the differential of the map ηṽ :M → V is not injective and its multiplicity is equal to the dimension of ker dηṽ at u 0 .
We therefore need to prove that the dimension of ker dηṽ is equal to the dimension of ker dη v . But by Corollary 5.11, we have η v • φ = φ • ηṽ. Hence we have the following commutative diagram.
IfX ∈ ker dηṽ is nonzero, then by Corollary 5.11 (4) we haveX ∈ ker dφ. Hence X = dφ(X) = 0 and dη v (X) = 0. It follows that the dimension of ker dηṽ is less than or equal to the dimension of ker dη v . Now let X ∈ ker dη v be a nonzero element and letX be the horizontal lift. Then it follows from the commutative diagram above that dη v (X) ∈ ker dφ u+ṽ(u) . By Lemma 5.10, there is an elementỸ ∈ ker dφ u such that dηṽ(Ỹ ) = dηṽ(X). Hence dηṽ(X −Ỹ ) = 0. We have thus proved that the dimension of ker dηṽ is greater or equal to the dimension of ker dη v . This finishes the proof.
Proof of Theorem 1.10.
"refpfa Lemma 5.12 proves (1), and Lemma 5.6 proves (2). It remains to prove (3). Let us first assume that M * is weakly equifocal. Then we know from Lemma 5.8 thatM is a proper Fredholm submanifold of V . By Lemma 5.6, ν(M ) is globally flat. So to prove thatM is weakly isoparametric, it is therefore left to show that the multiplicities of the eigenvalues of Aṽ (u) are constant and that dλ(X) = 0 for X ∈ E λ (ṽ) = {X | AṽX = λX}. Furthermore, if M * is equifocal, we will show that λ is constant, thereby proving thatM is isoparametric. It follows from Lemma 5.12 that the multiplicities are constant. Let λ(u) be a principal curvature function of Aṽ (u) . Then there is a focal point ofM in directioñ v(u) at distance λ(u) −1 . Hence by Lemma 5.12, M has a focal point in direction v with respect to φ(u) = p, at distance f (p) = λ(u) −1 . Notice that dφ(E λ (ṽ)) are the fibers of the focal distribution F fv where E λ (ṽ) is the eigenspace of Aṽ (u) corresponding to eigenvalue λ(u). Hence df (dφX) = 0 for X ∈ E λ (ṽ) implies dλ(X) = 0. ThusM is weakly isoparametric. If M * is equifocal, then f is constant. Hence λ is constant andM therefore isoparametric.
Notice that the above arguments can also be used to prove the other direction. We therefore have thatM (weakly) isoparametric implies M * (weakly) equifocal. This finishes the proof of the theorem.
The following theorem is proved exactly as Theorem 1.10.
5.14 Theorem. Let PROOF. Being weakly isoparametric,M itself is taut with respect to Z 2 . It is even true that every squared distance function onM is perfect in the sense of Bott. Set a = ηṽ(S). Then S is a critical manifold of the squared distance function f a centered at a. Since f a satisfies condition C ( [Te3] ), S is compact.
To prove that S is taut we use the following fact proved by Ozawa in [Oz] : Suppose f is a perfect Morse function onM in the sense of Bott, and S is a critical submanifold of f . If g is function onM that restricts to a Morse function on S and has the property that f + δg is a perfect Morse function onM in the sense of Bott for all δ, then g | S is a perfect Morse function on S. (Ozawa proves this in the finite dimensional case using the Morse lemma. Since the Morse Lemma is true for functions satisfying condition (C) (cf. [Pa] ), Ozawa's result is true in infinite dimension.) Now let f b be a squared distance function onM that is a Morse function on S. An easy calculation shows that
where z = (a + δb)/(1 + δ) and c(δ) is a constant that depends only on δ. Since weakly isoparametric submanifold is taut, f a + δf b is a perfect, and nondegenerate in the sense of Bott for all δ. Ozawa's result now implies that f b is a perfect Morse function on S. This proves that S is taut. Now we can show exactly as when the ambient space is finite dimensional, that S spans a subspace of dimension less than or equal to n(n + 3)/2, where n is the dimension of S. To be more precise, let O p be the osculating space of S at p, i.e., the affine space through p spanned by the first and second partial derivatives of S at p (or equivalently the affine space spanned by the the tangent space at p and the vectors α(X, Y ) for X, Y ∈ T S p where α is the second fundamental form of S). It is clear that the dimension of O p is at most n(n + 3)/2. Now let p be the nondegenerate maximum of some squared distance function. Then the tautness of S (or even the much weaker two-piece property) implies that S is contained in O p , cf. [CR] . In particular we have proved that S spans a finite dimensional affine subspace. Let 
Proposition.
PROOF. The focal distribution F v is integrable since it is the distribution defined as the kernel of the differential of the map η v with constant rank. Then the leaves of F v are exactly the fiber of η v . LetM be the lift of M to V . Theñ M is taut by Proposition 5.2. Letṽ be the horizontal lift of v to a normal vector field ofM . It follows from Lemma 5.12 thatṽ is a focal normal field since v is. Let x 0 ∈M , and a = x 0 +ṽ(x 0 ). Then (1) 
Geometry of weakly equifocal submanifolds
In this section, we will give proofs for Theorem 1.6, 1.7, 1.8 and 1.9. In the following, we let (G, K) be a compact symmetric pair, N = G/K the corresponding symmetric space, and π : G → N the Riemannian submersion associated to the right action of K on G, M a submanifold of N , and M * = π −1 (M ).
We will need several lemmas for the proof of Theorem 1.9. We use the same notation as in Theorem 1.9 except that we do not assume that the normal bundle is globally flat when not explicitly stated. The first lemma is a simple consequence of the following facts:
6.1 Lemma. Let H denote the horizontal distribution of the Riemannian sub-"refFec mersion π : G → N , and G = K + P the Cartan decomposition. Then (1) H(g) = gP, (2) for u ∈ P and k ∈ K, the horizontal lift of dπ g (gu) at gk is guk.
Since π is a Riemannian submersion, the following lemma can be proved in exactly the same way as Corollary 5.11 by using Lemma 5.10. 
Lemma. Let v be a normal vector field on M , and v
* the horizontal lift of "refFed v to M * . Then (1) η v • π = π • η v * , (2) π −1 (M v ) = M * v * , (3) π maps η −1 v * (y * ) diffeomorphically onto η −1 v (y) for any y * ∈ M * v * , (4) if d(η v * )(u) = 0 and u = 0 then dπ(u) = 0. 6.3 Lemma. (1) ν(M * )
PROOF. (1) Let
is not a focal point of M with respect to x. Theorems 1.10 and 1.9 imply that the connected components ofM = π −1 (φ −1 (M )) are isoparametric. Therefore the corresponding statement is true forM andMṽ, see [Te3] . The normal spaces of M andMṽ are the horizontal lifts of the normal spaces of M and M v respectively which implies what we wanted to prove. It also follows that the normal bundle of M v is abelian. By Lemma 6.3, ν(M v ) is flat if ν(Mṽ) is flat. We need to show that the normal bundle of M v has trivial holonomy if η v is one-to-one. Let w be a parallel normal vector field on M . Then dη v (w) will give rise to a globally defined parallel normal field on M v since η v is one-to-one. This shows that M v is equifocal if η v is one-to-one. If η v is not one-to-one, let p and q be two different points in M such that η v (p) = η v (q). Let α(t) be a curve connecting p and q. Then β(t) = η v (α(t)) is a closed curve in M v and dη v (v) will give rise to a parallel normal field along β(t) that does not close up in β(0) = β(1). This shows that the holonomy of the normal bundle is nontrivial. It is obvious that the focal structure of M v is parallel.
6.8 Corollary. Let M, N, v and η v be as in Proposition 6.7. Then one of the "refHd following statements holds: 
PROOF. A connected component of the liftMṽ to V is either an isoparametric submanifold or a focal submanifold of the isoparametric submanifoldM and hence embedded. It follows that M v must be embedded. If two parallel manifolds of M meet without coinciding, then the same thing is true for their lifts.
But we know that parallel manifolds of an isoparametric submanifolds cannot meet without coinciding.
One consequence of Propositions 6.7 and 6.10 is that M and its parallel submanifolds give rise to an 'orbit like foliation' of M . There are three types of leaves: 'principal' when M v is equifocal, 'exceptional' when the dimension of M v is the same as that of M but the normal holonomy is nontrivial, and 'singular' when M v is a focal submanifold. We will see later that we can exclude 'exceptional' leaves when the ambient space N is simply connected. 
Since G is simply connected we have that π 0 (Ω p * (G)) = π 1 (G) = 0. PROOF. By Proposition 6.7, it suffices to prove that η v is one to one. Suppose x 1 , x 2 ∈ M such that η v (x 1 ) = η v (x 2 ) = x. We can assume that N = G/K and G is simply connected. Letṽ be the horizontal lift of v toM via π • φ. By Lemma 5.12 and 6.4,ṽ is a non-focal, parallel normal field onM . Sincẽ M is connected by Proposition 6.11 and is isoparametric in V , ηṽ :M →Mṽ is a diffeomorphism. But by Lemma 5.11 and 6.2, ηṽ maps the fiber Y i over x i of π • φ diffeomorphically onto the fibers over x for i = 1, 2. Because ηṽ is a diffeomorphism, Y 1 = Y 2 . In particular, this proves that x 1 = x 2 .
6.13 Theorem. Let M be an equifocal submanifold of the symmetric space "refFss N . Then M is totally focal in N .
PROOF. Let c(t) be a geodesic that meets M orthogonally at t = 0 and satisfies c(1) ∈ M v for some focal normal field v. We have to show that c(1) is a focal point of M in direction c (0). Letc(t) be a lift to V . Thenc(0) lies iñ M = φ −1 (π −1 (M )) andc(1) ∈Mṽ. It follows from Lemmas 5.12 and 6.4 that the components ofMṽ are focal submanifolds ofM . It now follows from [Te3] thatc (1) 6.17 Proof of Theorem 1.8. (2) follows from (1). So we need only prove (1). Since exp(ν(M ) x ) is contained in some flat, exp x is a local isometry from ν(M ) x onto T x . So to prove (d) (1) it suffices to prove that exp x is one to one on D x . Suppose not. Then there exist parallel normal fieldsṽ 1 andṽ 2 onM such that exp 
is an isoparametric submanifold of y + ν(Mỹ)ỹ. This proves (2). Item (3) can be proved exactly the same way as (c)(2).
(g) follows from Proposition 6.10 and standard results for isoparametric submanifolds in V .
(h): Note that sinceM is isoparametric, the distance squared function f a onMṽ is non-degenerate in the sense of Bott and is perfect if a ∈ (π • φ) −1 (p) (cf. [Te3] 
with fiber the space of paths in the coset p * K starting in p * . Since the fiber is obviously contractible it follows that P (N, p × M ) and P (G, p * × M * ) are homotopy equivalent. Since E corresponds as in the proof of Proposition 5.4 to the distance squared function of an isoparametric submanifold in V , the indices and Morse linking cycles at critical points of E are given explicitly (cf. [Te3] ) and (1), (2) follow.
(i): It is known that V = ∪{Dx |x ∈M } and has properties analogous to (1), (2) and (3) (cf. [Te3] ). So (i) follows from (d).
As a consequence of Theorem 1.8, we can describe the space of parallel submanifolds of an equifocal submanifold in the simply connected case.
6.18 Corollary. Let 
Inhomogeneous examples in Hilbert spaces
The main result of this section is to show that there exist inhomogeneous equifocal hypersurfaces in SO(n) and H 0 ([0, 1], SO(n)) for certain numbers n. By an inhomogeneous submanifold we mean that it is not an orbit of a subgroup of the isometry group of the ambient space.
Let S n = SO(n + 1)/SO(n), π : SO(n + 1) → S n the natural fibration, and φ : 
This proves that dη * θξ * ((v * ) (0)) = 0.
7.6 Proof of Theorem 7.4. By left translation, it suffices to prove (1) for "ref
where the last equality follows from the fact that ad(ξ 
Comparing the vertical components of both sides of the above equation, we get 
, we can translate the computation at0 for F g (M ) tox by F g to obtain the formula stated in (2).
In the remainder of this section, we will prove that there are inhomogeneous isoparametric hypersurfaces in SO(n) and in the Hilbert space H 0 ([0, 1]; SO(n)) for certain n. These examples are based on the isoparametric hypersurfaces of Clifford type in spheres that were found by Ferus, Karcher, and Münzner [FKM] .
We first descibe the Clifford examples briefly following [PTh] . Let
be a system of skew × -matrices satisfying (See [FKM] for a detailed discussion of these examples.)
Using the same notation as in [FKM] , we set M + = V 2 (C), which is one of the focal manifolds in the isoparametric family. It is proved in section 5 in [FKM] We will need the following simple Lemma:
7.8 Lemma. Let G = K + P be a Cartan decomposition corresponding to "refAj S n−1 = SO(n)/SO(n − 1). Suppose a ∈ P such that ad(a) Wu proved in [Wu2] that if N is a complex or quaternionic projective space then g = 1, 2 or 3. 3. Can H * (M, Z 2 ) be computed explicitly in terms of the associated affine Weyl group and multiplicities? 4. If M is an irreducible, codimension r ≥ 2 isoparametric submanifold of an infinite dimensional Hilbert space, is M homogeneous? 5. Let y be defined as in Theorem 1.8. Is there a finite group acting on the normal torus T x of an equifocal submanifold in a simply connected symmetric space that is simply transitive on the set of chambers { y | y ∈ T x ∩ M }? 6. Is there a similar theory for equifocal submanifolds in simply connected, non-compact, symmetric spaces? 7. Lie sphere geometry of S n (see [Pi] , [CC] ) can be naturally extended to compact symmetric spaces. To be more precise, let N be a simply connected, compact symmetric space, and the unit tangent bundle T 1 N be equipped with the natural contact structure. Given an immersed Legendre submanifold f : X → T 1 N and t ∈ R, let f t : X → T 1 N denote the map f t (u) = d exp tu (tu 1 N is defined to be either the unit normal bundle of a geodesic hypersphere or a fiber of the projection π : T 1 N → N . When N = S n , this group is the group of Lie sphere transformations, which is isomorphic to O(n + 1, 2)/Z 2 and is generated by conformal transformations and the parallel translations f t (cf. [CC] , [Pi] 
